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Abstract

In this note we show that the forward partial differential equation for the valuation of
European options proposed by Dumas, Fleming, and Whaley (DFW) does not hold for
their general model with time and state-dependent local volatities. To clarify things we
analyze the forward and backward partial differential equations for contingent claims in
detail. We consider the three cases of spot options on the spot, and spot and forward
options on the forward. We find that the DFW equation is only valid when either the
interest rate is equal to the dividend yield, or when the local volatility of the underlying is
a function of time only. Furthermore, we show that in the general case of arbitrary (but
deterministic) interest rates and dividend yields, the stock price has to be the argument
of the local volatility function in the backward equation for the forward price of a claim

on the forward, not the forward price.
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1 Introduction

Both Kolmogorow's forward and backward partial differential equation (pde) are widely used in the
theory of option pricing. Recently, especially the forward equation has received much attention in
the context of derivative pricing under a volatility smile (see, e.g., Andersen and Brotherton-Ratcliff
(AB) [1], Dumas, Fleming, and Whaley [4], or Dupire [5]). Whereas the standard backward equation
uses the stock price and calendar time as variables in the pricing function, the forward equation is
based on the maturity date and the strike price of a standard European option, and it is furthermore
only valid for this rather limited class of securities. The backward equation on the other hand holds
for any underlying and any contingent claim and is thus far more general. Using the forward equation,
however, allows the simultaneous valuation of more than one European option, which is a special

advantage when finite difference methods have to be employed to solve the pde numerically.

In both theoretical analyses and empirical applications of derivative pricing models, it is sometimes
convenient to use forward prices instead of spot prices. This transformation can be performed for both
the underlying of a contingent claim and the claim itself. In the extreme case we could thus move
from a standard spot option on the stock to a forward option on the forward written on the stock.
One might think that this just involves a proper transformation of the coordinates in a given pde, but
it is not in general true that the transition from spot prices to forward prices automatically removes
all terms depending on interest rates and dividend yields. As we will show below, this technical trick
only yields convenient expressions for the pde when we work with the backward equation. In the case
of a forward pde we cannot in general obtain a comparably simple pde based on the forward prices of
the underlying and the option, except when either the interest rate is equal to the dividend yield, i.e.
the forward price is equal to the current stock price, or the local volatility of the underlying depends
on time only. Since DFW [4] assume neither of these scenarios, a key result of our analysis is that

the pde suggested in their paper is incorrect for their general model.

The remainder of the paper is organized as follows. In section 2 we will briefly summarize the theory
on forward and backward pde’s for contingent claim valuation. Section 3 contains the main results
of the paper, namely the forward and backward equations for all four scenarios listed above, i.e. for
both spot and forward options on both the underlying and the forward contract. Some conclusions

are presented in section 4.



2 Forward and Backward Equations

2.1 The General Setting

Let (2, F, P) be a filtered probability space. The dynamics of the underlying stock under the equiv-

alent risk-neutral probability measure P are given by
dS, = (r — v) S, dt + (S, ) Sy dW,, (1)

where r and v stand for the risk-free rate and the continuous payout rate of the underlying, respec-
tively. Both r and v are assumed to be constant. This assumption could easily be relaxed to make
r and v functions of time. However, the gain in generality is rather small compared to the cost of
a much more cumbersome notation. th represents the increment of a standard one-dimensional

Brownian motion, and (S, t) is called the local volatility function.

Besides the stock there is a second security called the money market account with price B; at time
t and dynamics given by
dBt = Bt rdt (2)

which, given By =1, yields By = ert.

Before going into the details we want to point out that there are two slightly different meanings of the
terms 'backward equation’ and 'forward equation’. From the mathematical point of view backward
and forward equations are known as the Kolmogorow equations for the transition densities. From the
economic point of view there also exists a so called backward (pricing) equation for an almost arbitrary
contingent claim ¢(S,t) on S. This equation can be derived either by using duplication strategies
or by integrating the transition density function. For the special case of plain vanilla options there
also exists a so called forward (pricing) equation, which makes use of the special payoff structure
for these contracts. With the Kolmogorow forward equation for the transition density one can easily
derive the forward equation for a European call in the variables K and T'. This equation is of great

empirical interest because data of option prices vary in K and T rather than in S and ¢.

2.2 Backward Equation

Let C(S,t; K, T) denote the value at time ¢ of a standard European call option with strike price
equal to K and maturity date 7', when the current stock price is equal to S.
Using standard no-arbitrage arguments, it can be shown that, given (1) and (2), the value of the

option C' = C(S,t; K, T) satisfies the fundamental Black-Scholes pde

1
rC = Cy+ S(r—v)Cs + 5520—2(5, t)Css (3)



where subscripts denote partial derivatives. This equation has to be solved under the boundary

condition
C(S,T; K,T) = g(S) = max(S — K, 0).

Note that in (3) K and T are held fixed, and the fundamental pde is the backward equation in the
so called backward variables S and t. This equation holds in general for any claim with an (almost)

arbitrary boundary condition.

An analogous backward equation holds for the transition density. Let p = p(S,t;y,T) denote the
risk-neutral transition density for the stock price, i.e. p(S,t;.,T) is the density of the process at time
T when started at S at time ¢. Then this density satisfies the pde

1
pe+S(r—v)ps + 55202(& t)pss =0 (4)
subject to the boundary condition
p(SaT; yaT) = (5(8 - y)a

where 0(z) represents the Dirac delta function (see Shreve [7], p. 180).

2.3 Forward Equation

Under suitable regularity conditions on ¢ there also exists a pde in the so called forward variables

y, T of the density p = p(S,t;y,T), which is given by

2
b1+ (=) g o]~ § 510 0] = 0 )

with boundary condition
p(S,t;y,t) = 0(S —y).
A heuristic derivation of this result can be found in Shreve [7], pp. 306-08.
From the forward pde for the density we can derive a forward pde for plain vanilla options (see
AB [1]). Using the fact that

82C(S,t: K, T)
OK?

and the forward pde for the density, we obtain after two integrations with respect to K the pde

= e "Tp(S,4; K, T),

1
Cr+ (r—v)KCkg +vC — 502(1(, T)K?Ckg =0, (6)
which has to be solved under the boundary condition
C(S,t; K, t) = max(S — K;0).

Note that the forward equation is only valid for a standard call, in contrast to the backward equation

that holds for arbitrary claims.



3 Forward-Based Derivation of Backward and Forward Partial Dif-

ferential Equations

3.1 Options on Forwards

We now consider options on forwards. Let 77 and T, be the maturity dates of the call and the
underlying forward F', respectively. We denote the price of the call at time ¢ with strike K on the
forward by C(F,t,Ty; K, Ty). Assuming constant interest rates and dividend yields, the price of a
forward with maturity T, on the stock is given by F'(S,t¢,Ty) = Ser=v)(T2=t) | the special case,
when the maturities of the option and the forward contract are the same, i.e. T} = T5 = T, the
price of a call on the underlying stock is equal to the price of a call on the forward. At time T, both
options have the same payoff, since at maturity the forward price converges to the spot, and both

options do not have any cash flows between ¢ and T'. So it must be true that
C(S,t; K,T)=C(F,t;T,K,T) = C(F,t; K, T),

which means we can interpret the transition from C to C as a simple transformation of coordinates

from S to F'. For the general case, prices are given in Proposition 1 in Appendix A.

3.2 Forwards on Options on Forwards

The ultimate goal is to find the forward price of a call on a forward contract (written on the

underlying).

Having obtained the function C' as shown above, the forward price for delivery at time Ty (T <

T, < T5) of this option is given by
D(C_’ataTO) = D(F7t7T2;K7T1) = eT(T()it)C_’(F?taTQaKaTl)‘

In what follows we will only consider the special case Ty =11 =T, =T

D(F,t,T;K,T) D(F,t; K, T)
" TDC(F,t; K, T)

= ¢TD0(S,t; K, T),

i.e., the forward price of the option is simply equal to the price of the option on the stock times the

cost of carry.



3.3 The Backward Equation for Forward Contingent Claims on For-

wards

From the Black-Scholes backward pde (3) for the claim C(S,¢; K,T) in the backward variables
S,t with K, T fixed we obtain the following forward-based backward pde of the function D =
D(F,t; K,T)

D; + %UQ(Fe_(’"_”)(T_t),t)FQDFF =0 (7)

using the change of variables
F(S,t,T) = Selr=)(T=) (8)
C(S, 6 K, T) = D(Se" T . K T)e ™D = D(F,t; K,T)e "1, (9)

To see that (7) actually holds, compute the partial derivatives

0

Cy = g [D(Se(r_")(T_t),t; K, T)e_r(T_t)} =T (rD — (r —v)FDp + D))
0 0
— —r(T—t) Y . v — —v(T—t)
Cs e 8FD(F,t, K,T)aSF(S,t,T) e Dp
Cgg = er(Tft)672y(T7t) Dpp

and plug the results into the standard backward pde (3) to obtain (7). Note that the first argument
of the local volatility function in (7) is the discounted forward price (i.e. the stock price), and not
the forward price itself as indicated in the backward pde in DFW [4] (equation (4), p. 2087)! So
when implementing their approach on a finite difference grid, one has to make sure to specify the

local volatility function properly.

3.4 The Forward Equation for Forward Calls on Forwards

We will now derive the forward pde for a forward call on a forward. DFW [4] (equation (5), p. 2088)

state the following forward pde for the forward price of a standard European option:
1
Dy — E02(17(, T)K?Dg g = 0. (10)

As we will now show, this equation does not hold for the general cases of either arbitrary combinations
of r and v, or state-dependent local volatility functions. It is only true when r = v or when local
volatilities are functions of time only. Thus, the transition from spot prices to forward prices does

not automatically remove all terms depending on interest rates and dividend yields.

'One could obtain the backward pde in the form given by DFW starting from the dynamics of the forward price
under the risk-neutral measure, dF; = o(F, t)FtdI//V\t. Then, however, the local volatility function of the stochastic
process for the stock price, S = ¢~ " T =Y Fy would also be given by o(Se" )T~ ). The key point thus is that

the two local volatility functions for the stock and the forward price have to be identical.



We begin our derivation with the standard forward pde (6) for a plain vanilla call. With (8) and (9)

we get

Cg = efr(T*t)DK
—r(T—t)
0

Cr = T [D(Se(rfy)(Tft),t; K.T) efr(Tft)} = ¢ ") (D + Dp(r —v)F —rD)

Ckr = e Drk

From this we deduce the pde

1

50—2(K, T)K?Dgyx = (r—v)KDg — (r—v)D + Dy + (r —v)FDp (11)
The same result can be derived using the transition densities and performing the change of variables
there (see Appendix B).
Comparing (11) to (10) shows that the two equations are equivalent if and only if

(r—=v)KDg — (r—v)D+ (r—v)FDrp =0 (12)

It is easy to see that one special case for which (12) holds is when the interest rate r is equal to the
dividend yield v.

However, there is a not so obvious scenario under which (12) is true. Assume that the local volatility
function o(u,t) depends on ¢ only, i.e. o(u,t) = o(t). It is well known that the price of a European
call option in this situation is still given by the Black-Scholes formula, with o+/T — t replaced by

\/ tT o?(s)ds,

where

C(8,t: K, T) = Se " "T=ON(d,) — Ke " T"Y N (dy)

In(S/K)+ (r—v)(T—t)+0.5 ftT o2(s)ds

tT o?(s)ds

d =

T
dQ = dl— / 02(8)d8.
t

In terms of partial derivatives the Black-Scholes formula can be written as
C(S,t; K,T)=SCs + KCxg
since

Cs = e ’TUN(d)
Cx = —e "TUN(dy).

With
Cs = e V(T=1) Dr



and

Ckg = efr(T*t)DK

the Black-Scholes formula becomes the following forward-based expression known as the Black for-

mula
D(F,t;K,T) = FN(d)~KN(dy)
= FDrp+ KDg

Multiplying both sides of this equation by (r — v) yields (12), which means that (10) holds.

4 Summary

This paper deals with pdes in the theory of contingent claim pricing. Starting from standard forward
and backward equations we derive forward and backward pdes for the forward prices of claims written

on the forward price of the underlying asset.

In the course of our analysis we find that there are two errors in the pdes proposed by DFW [4].
First, in their backward equation the first argument of the local volatility function is the forward
price, whereas it should be the discounted forward price. Furthermore, their forward equation does
not hold in the general case of arbitrary interest rates and dividend yields or when the local volatility

function is explicitly state-dependent.
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Appendix

A Calls on Forwards

Proposition 1 (Calls on Forwards, Black (1976) [2]) The price of a call with strike K and ma-

turity T on a forward contract with maturity T5 > Ty is given by

C(F,t,Ty; K, T)) = Fe "M DP(F(T1,T3) > K) — K" D P(F(Ty, T3) > K)
where P and P denote the martingale measures obtained by using the modified stock price Se™ (T~

and the money market account B as numeraires, respectively.

Note that for Ty = T, = T this formula is nothing but the well-known Black-Scholes formula for an

underlying with continuous dividend yield:

C(F,t;K,T) = Fe"""UP(F(T,T) > K) — Ke""VP(F(T,T) > K)
= Se " TIPSy > K)— Ke'T"DP(Sp > K)
= C(S,;K,T)

Proof:

Remember that we can value a European call on an underlying .S with continuous dividend yield

—v(T—t)

v by valuing a European call on an underlying with initial stock price Se at time ¢ and no

dividend payments.

The payoff of the call on the forward at time 77 is

max(F(T1,Ty) — K;0) = F(T1,To) L m)y>k) — KL m)sk)
= X —Yp
where I denotes the indicator function for event A, X1, = F(T1, 1) Lipr 1>k}, YT, =

KI{F(Tl,T2)>K}1 and F(t,TQ) is short for F(St,t,TQ).

We now calculate the price of this option at time ¢, using martingale-based valuation techniques.
Let X; and Y; denote the values at time ¢ of the random cash flows X7, and Y7, respectively. For
the first term we use the martingale measure P, obtained by choosing the modified stock Se=*(T—%)
as the numeraire, for the second term the martingale measure P with the money market account as
the normalizing asset. Since

F(T,Tz) = STle(r*V)(Tszl)

we obtain



" =TI P(F(T), T) > K)

=X, = Ft.,T)e " OPp(F(Ty,Ty) > K) (13)
and
Y, p(Yr
= = B (G%)
= Ke "MP(F(T\,Ty) > K)
=Y, = Ke "N Op(F(T,Ty) > K) (14)

Subtracting (14) from (13) finally yields the proposition.

B Transformed Forward and Backward Transition Densities

Now we derive the backward and forward pdes for the modified densities. We will see that this leads

to the same backward and forward pdes for the forward call, as derived in section 3.

Let ¢,7 € [0,7], t < T. Define

p(#,t,y,T) = ple™ "~

DTz t:y,T) = p(z,t;9,T)

as the modified transition density, where z = e~ "INz and p(z,t;y,T) satisfies both the

standard backward pde (4) and the standard forward pde (5). It is obviously true that

[ it

y, T)dy = 1.

We want to transform the pdes for p(z,t;y,T) into analogous pdes for p(Z,t,y,T). To do so, we

need the following partial derivatives:

op(z,t;y,T) Op(z,t;y,T) Op(z,t;y,T)
at - T =
&ty T) _ _uyr—p 9Pty T)
= = €
0% ox
*p(z, t;y, T)  _ o 2r=)(T—1) Pp(z,t;y,T)
012 Ox?
From these and (4) we get
op(z,t:y,T) _ Op(z,t;y,T) Ip(z,t;y,T)
ot - R
_ 1, 20°p(z, t;y, T)
= —3° (z,t)x 52
L @y 2Pty T)
= —3° (e )T — 2

Integrating this expression leads to the backward pde (7) for the forward call D:

oD(i,t; K,T)

I g Y
5t = o (e

2

(r—u)(T—t)‘%’ t).f

2 0?°D(3,t; K,T)
02



where
o0

D(@.t: K. T) = By (max(Fr — K50)) = [ ~(y~ K)p(@.t:y.T)dy

For the forward pde we additionally need the following derivatives:

op(z,t;y, T) Op(w,t;y,T) op(z,t;y,T)
T - T (r=vjz=——5
op(z,t;y,T)  Op(z,t;y,T)
dy B dy
p(z, t;y,T)  0plz,t;y,T)
Oy? N oy?
From these and (5) we get
op(z,t;y,T)  Op(w,t;y,T) op(z,t;y,T)
T - T (r=vjz=——>5
19 , 5 %)
= Ea—yg[a (v, T)y“p(z, t;y,T)] — (r — V)@[yp(w,t; y,T)]
(- V)xap(w,t; y,T)
or
19* 5 250 4 0 15054
= §a—y2[g (yaT)y p(.T,t,y,T)] _(T_V)@[yp(xatayaT)]
_op(z,t;y,T)
(r—v)z 55

To derive the forward pde for a forward call D we follow the lines of [1].
D@, K.T) = Bx (max(Pr — K30)) = [ (y ~ K)pl@. iy, T)dy
K
From this it follows that
0’°D(2,t; K, T)

S = B, 6 K. T)

Plugging this into (15) we get
(@, t;y,T) &* 0D(z,tK,T)
oT OK? oT

d (KGQD(i,t; K,T))

= =gk 9K

1 02
t 3oK? K>
(- v) 0? <6D(§:,t; K,T))

OK? 0%

(KQOQ(K’ T 9*D(z,t; K, T)>

Integrating this twice with respect to K leads to

oD(z,t; K, T) 1 , ,02D(Z,t; K, T) dD(z,t; K, T)
aT = 30 (KDK OK? (r=v) oK
+(r—1)D(E, ¢, K, T) — W(r — )i
A

This is equation (11) with z = F'.

10
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